ABSTRACT A nuclear spin co-magnetometer operated in the spin-exchange relaxation-free (SERF) regime is a promising tool for long-term navigation application for its abilities to sense inertial rotation and to suppress environmental magnetic field disturbance. The magnetic field response model of a K-Rb-21 Ne nuclear spin co-magnetometer is derived based on the state space method and the model is experimentally validated on a tabletop SERF co-magnetometer. The theoretical and experimental results indicate that the relaxation rate of the nuclear spins limits the field-suppression ability. The results here not only give insight into the nature of self-compensate characteristic but also provide a precise model for the estimation of the magnetic noise-induced rotation measurement error in a SERF co-magnetometer.
I. INTRODUCTION
Co-magnetometers first introduced in [1] are a series of magnetometers using at least two spin species with different gyromagnetic ratios occupying the same volume. As experiments relying on spin-dependent interactions are usually limited by noise and systematic effects induced by magnetic field, the co-magnetometer arrangement could be utilized to cancel the magnetic field dependence. Experiments benefit from this cancelation range from searches for electric dipole moments of neutron [2] , searches for violation of local Lorentz invariance [3] , [4] and for new spin-dependent forces [5] , [6] . The co-magnetometer scheme also finds practical applications in high precision inertial rotation sensing, including the nuclear magnetic resonance gyroscope based on nuclear magnetic resonance technologies [7] - [11] and spin-exchange relaxation-free co-magnetometer (SERFCM) operated in SERF regime [12] , [13] .
The first SERFCM based on a K-3 He co-magnetometer was introduced by the Romalis group at Princeton University The associate editor coordinating the review of this manuscript and approving it for publication was Bora Onat. in 2005 [13] , and it features a higher sensitivity than nuclear magnetic resonance gyroscope as spin-exchange collisions do not broaden the magnetic resonance linewidth. In addition, it has a self-compensate characteristic as the noble gas magnetization follows the low frequency magnetic field fluctuations. In the case of a low frequency transverse magnetic field perturbation, the noble gas spins quickly settle to align with the total applied field. The transverse magnetization of noble gas spins cancels the perturbation, so the alkali-metal atoms feel no magnetic field change. However, the noble gas spins cannot cancel longitudinal perturbation. This is not a problem because the alkali-metal atomic magnetometer is inherently insensitive to longitudinal fields. For analytical solutions, the readers can refer to [12] . At the same time, the ultrasensitive rotation measurement ability is still retained. The reported sensitivity and angle drift were 5×10 −7 rad/s/Hz 1/2 and 0.04 • /h respectively. Our team developed a SERFCM based on a Cs-129 Xe co-magnetometer and analyzed its dynamics in [14] and [15] . In the next decade, much efforts were devoted to inertial rotation sensing theory analysis [16] , dual-axis cross-talk decoupling scheme study [17] , [18] and novel atom manipulation and interrogation methods validation [19] , [20] . As the gyromagnetic ratio of a 21 Ne atom is much smaller than that of a 3 He atom or a 129 Xe atom, the fundamental rotation measurement sensitivity of a K-Rb- 21 Ne co-magnetometer is estimated to be higher than that of a K-3 He co-magnetometer or a Cs-129 Xe co-magnetometer at the same magnetic field noise level. Therefore, we have turned from Cs-129 Xe to K-Rb- 21 Ne. Although a better sensitivity of 2.1 × 10 −8 rad/s/Hz 1/2 has been achieved with various noises in the co-magnetometer suppressed [21] , the low-frequency angle drift is only on par with that of Romalis group [13] , [19] . The long-term stability of the co-magnetometer improved little even though we reduce it to tabletop instrument size with a volume of 350 mm × 350 mm × 280 mm to suppress the temperature induced drifts from optical components. It is not until the discovery of the influence of magnetic fields on the bias stability [22] that we realized the magnetic noise may set a limit on the performance of the co-magnetometer. This inspires us to seek methods for magnetic influence suppression by studying the mechanism of the magnetic field response.
In this paper, the magnetic field response model of the SERFCM is derived based on state space method and the model is experimentally validated on a tabletop K-Rb- 21 Ne co-magnetometer. We find that the transfer function between the low frequency transverse magnetic field and system output can be characterized with first order differentiation element instead of differentiation element, which means that the nuclear magnetization can no longer be able to completely cancel the magnetic field fluctuations as supposed in previous works [13] , [23] . Theoretical analysis on magnetic field transfer function models indicates that the discrepancy comes from the non-zero nuclear spin relaxation rate, which in former works was usually assumed to have a negligible impact on the field cancelation ability. The experimental results agree well with the theoretical simulation, implying the universal applicability of our model for magnetic response analysis in SERFCM. This model can be exploited to estimate the rotation measurement error induced by magnetic noise inherent in the magnetic shields, which, to our knowledge, has not been analyzed before.
II. THEORETICAL ANALYSIS
The complete behavior of the co-magnetometer can be approximated by a set of coupled Bloch equations for the electron and nuclear polarizations, P e and P n [13] , [16] :
Here γ e and γ n are the gyromagnetic ratio of the electron and the nuclear spins. Q (P e ) is the polarization-dependent slowing-down factor of electron [24] . B is the ambient magnetic field, and L is the light shift experienced by the alkali-metal atoms. λM P is the magnetic field produced by the magnetization of a spin ensemble in a spherical vapor cell, where M e and M n are the magnetization of electron and nuclear spins corresponding to full spin polarizations respectively, λ = 8π κ 0 /3 is the geometrical factor containing the enhancement factor [25] .
is the rotation rate vector. The total relaxation rate for electron spins is R e tot = R p + R m + R e sd + R en se , where R p is the pumping rate from the pump beam, R m is the pumping rate from the probe beam, R e sd is the spin-destruction rate, and R en se is the spin-exchange rate of the electron spins. s p and s m give the directions and magnitudes of the photon spin polarizations of the pump and probe laser beams. R n tot is the total relaxation rate of nuclear spins. R n tot = R ne se + R n sd , where R ne se is the spin-exchange rate of the nuclear spins, R n sd is the nuclear spin-destruction rate. In this paper, the z-axis is defined to be the direction of the pump laser, while the x-axis is defined as the direction of the probe laser. The longitudinal direction is referred to the direction along the z-axis, and the transverse direction is referred to the direction along the x-and y-axes.
To achieve the most sensitive rotation sensing ability, an external compensation field B c = −(B n + B e ) along z-axis is employed to cancel the magnetic field produced by the magnetization of the nuclear-and electron-spin. Here B n = λM n P n 0 is the effective field from nuclear magnetization and B e = λM e P e 0 is the effective field from electron magnetization [13] , [16] . P n 0 is the equilibrium value for the nuclear spin polarization along z-axis P n z , and P e 0 is the equilibrium value for the electron spin polarization along z-axis P e z . To study the responses of the spins under small transverse excitations, the magnitude of P n 0 and P e 0 are assumed to remain constant such that the polarization-dependent Q (P e ) can also be assumed to be a stable value Q. The light shifts can be set to zero, thus L = 0 [25] . Under these conditions, the system can be approximated as a linear time-invariant system and the system state equation can be written aṡ
where X = P e x , P e y , P n x , P n y T is the state vector including the transverse components of electron and nuclear polarization,
is the input vector including the applied transverse magnetic field and transverse rotation vector. And 
The eigenvalues of matrix A is
Keeping the leading terms, the variables in (6) and (7) can be simplified to
Therefore, the dynamical response of the system contains two separate oscillations with different frequencies (imaginary part of the eigenvalues) and decay rates (real part of the eigenvalues).
Under zero initial conditions, we can obtain the transfer matrix of the system
where the numerator N (s) is a 4 × 4 matrix, and the denominator
At the typical working conditions of a SERFCM, the transfer function between B x and P e x can be expressed as
where
and the two zero points of the transfer function (14) are
The transfer function between B y and P e x is G By 
and the three zero points of the transfer function (18) are
According to the procedure described in [22] , the compensation-point is found when the modulation of B y does not affect the steady-state output of co-magnetometer. So it is a reasonable approximation that in (18) the zero point nearest to imaginary axis in complex plane z By1 equals to 0. Using (20) , we can get
Substituting (24) into (22), we can get
Compared with the results in [13] and [23] , the analysis above indicates that the non-zero nuclear spin relaxation rate R n tot introduce another non-zero zero point in the magnetic field transfer functions, which aggravate the influence of the low frequency transverse magnetic field components.
III. EXPERIMENTAL RESULTS AND DISCUSSION
A tabletop K-Rb- 21 Ne SERFCM was developed and used to verify the theoretical analysis. The schematic of the co-magnetometer is shown in Fig.1 . The co-magnetometer contains a 10-mm-diameter spherical vapor cell with 1100 Torr of 21 Ne, 50 Torr nitrogen, and a droplet of natural abundance Rb with a mixture of K. The cell held in a boronnitride oven is heated by ac current-driven heating coils. The temperature of the cell can be stabilized to any value between 160 • C and 200 • C by a PID control algorithm. The zero magnetic field operating condition of the co-magnetometer is provided via a tri-axial magnetic coil system within the The output laser intensity of the LISS is monitored by the PD, which detects the intensity of a small portion of laser split by the GL. The PD signal is fed into the ECU. The ECU compares the current laser intensity with the set-point value and changes the driving voltage applied to the LCVR to change the output laser intensity.
innermost shield. The shields are composed of one layer of 2 mm thick, high permeability µ-metal and a 6 mm thick, 60 mm inner-diameter ferrite shield. Thermal insulation foam is filled between layers to keep the temperature of the ferrite well below its Curie temperature of about 220 • C. K atoms are polarized along the z-axis by a fiber-introduced circularly polarized pumping beam. Rb atoms are polarized via the rapid spin exchange collisions between K and Rb atoms. Atomic spin precession of Rb atoms along the x-axis P e x is detected by the optical rotation of an off-resonant, linearly polarized light beam. Laser intensity stabilization systems are used to control the intensity of the pump and probe lasers. The polarization angles are precisely measured using a photo-elastic modulator [16] and a lock-in amplifier. For a simple and comprehensive description of the experiments, the conversion coefficient between P e x and the output voltage of the co-magnetometer is directly defined as K probe here. The readers can refer to [26] and [27] for more detailed measurement principles.
We start by heating the cell to 185 • C and pumping the atoms for hours, the density ratio of K to Rb is estimated to be 1:110. During the optical pumping process, a holding longitudinal magnetic field is employed along z-axis to facilitate the polarization of 21 Ne. As is shown in Fig.2 , the fitting curve indicates that the longitudinal relaxation time T 1 of 21 Ne is about 66 minutes. After the polarization reaches the equilibrium state, the B z field is set to the compensation point, making the co-magnetometer to sense the inertial rotation. And the scale factor of the co-magnetometer is calibrated as mentioned in our previous work [16] .
To validate the transfer function model derived above, a 0.19 nTpp sine wave at different frequencies is applied along x-axis and y-axis respectively, and the amplitude frequency and phase frequency responses are recorded. As shown in Fig.3 a) , the amplitude-frequency responses to B x field are shown in open circles, and the solid line is the fitted curve according to (14) . The phase-frequency response is shown in Fig.3 b) . The phase response predicted using the fitted model (solid line) agrees very well with the experimental results (open circles). For comparison, the fitted frequency responses using the model proposed in [13] are also shown in dot dashed lines. It is apparent that the model fails to characterize the field frequency responses in low frequency domain. The actual amplitude response is 25 times larger than that predicted with previous models. This will result in the underestimate of the rotation measurement error caused by low-frequency magnetic noise. As mentioned above, the difference between the model in this work and that in previous works is that the non-zero R n tot has not been ignored in the derivation process of magnetic field transfer functions. The experimental results here verified that how to deal with R n tot really makes a difference. The frequency responses to B y field are shown in Fig.4 . The experimental data (open squares) are in consistency with the fitted curves (dashed line) using (18) . Comparison between the theoretical results and the experimental results shows that the theoretical model in this work has excellent rationality. And a summary of the fitted values of the variables is listed in Table 1 . When ω > ω 1 , the SERFCM exhibits responses like a magnetometer. This is because that the noble gas cannot respond so quickly for its small relaxation rate, and the spin ensembles are decoupled. As a result, there is a resonance peak corresponding to the alkali-metal response at ω 2 . When z Bx1 ω ω 1 , the SERFCM exhibits its self-compensate characteristics as predicted in previous models. When 0 ω < z Bx1 , the amplitude frequency response to B x reaches a constant value, which can be predicted by our model. And the absolute values of z Bx1 and z By2 indicate a R n tot of about 0.27 rad/s, much larger than the adopted values in previous works. In addition to quadrupolar relaxation, the larger relaxation rate is thought to be caused by the magnetic field gradient felt by the nuclear spins.
The dynamical responses to transverse magnetic fields are also experimentally studied to check the validity of the model and its theory. A step B x magnetic field of 0.094 nT is applied to the system, the magnetic field signal and the co-magnetometer output are recorded simultaneously at a sampling rate of 200 Hz by the data acquisition system during a period 200 seconds. The recorded magnetic signal is used as the input signal of the simulation model established on the fitted variables in Table 1 . Then the simulation output and the co-magnetometer out are compared in time domain. The step B y response is compared in the same way described above. As is shown in Fig.5 a) , the simulation output in red line provides a good dynamical response predication of the co-magnetometer output to B x in black open circles, proving the accuracy of fitted model. Although the step response comparison to B y shown in Fig.5 b) exhibits some mismatch at the very beginning of the step signal, the steady state response converges approximately to zero, which is consistent with theoretical analysis. The mismatch comes from the error of the fitted G By (s). As is shown in Fig.3 and Fig.4 , the amplitude response to B y is much smaller than that to B x , and therefore the noise of the probe system introduces more error in G By (s).
The validity of the model and its theory has been confirmed by simulation and experimental results above. The unexpected sensitivity of the co-magnetometer to B x field can be explained by analyzing the steady state solution of the nuclear polarization to transverse magnetic field inputs. At the compensation point, the net magnetic field experienced by the alkali-metal atoms is close to zero. The alkali-metal atoms will operate as a high-sensitivity SERF magnetometer that is primarily sensitive to the total field along y-axisB y . If an external perturbation B y field applies, the nuclear polarization projection on y-axis P n y = −B y (λM n ). The total field felt by the alkali-metal atoms isB y = B y + λM n P n y = B y − B y = 0. That is to say, the nuclear magnetization rotates to follow the changes in external B y field, canceling its effect on the alkali-metal. If an external perturbation B x field applies, the nuclear polarization projection on y-axis P n y = −R n tot B x (B n γ n λM n ). The total field felt by the alkalimetal atoms isB y = λM n P n y = −R n tot B x (γ n B n ). Clearly, the alkali-metal spins will respond to the residualB y field if R n tot considered non-zero.
IV. CONCLUSION
In conclusion, we analyzed the magnetic field response model of a K-Rb- 21 Ne SERFCM based on the state space method. Different from the model proposed ever before, the model in this work indicates that the non-zero nuclear spin relaxation rate R n tot will introduce a non-zero zero point in the transverse magnetic field transfer functions, aggravating the influence of the low frequency transverse magnetic field components, especially for the B x component. The results of the experimental data analysis and theory study are in consistency. Combined with stochastic process analysis methods, the model here will provide an accurate and effective way to estimate the rotation measurement error induced by magnetic noise. This study provides us a better understanding on the self-compensation characteristic in SERFCM and inspires us to explore novel nuclear spin manipulation methods of reducing the relaxation of nuclear spins.
